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A.  Derivation of Equation (2) 

 

The reflection Jones matrix for the system with rotated local axis in the 

circular-polarization (CP) representation is given by  

  † ( ) (0) ( )  R M R M             (S1) 

where   3ˆie  M and (0)R  is defined in Equation (1) in the main text. Expand 

3ˆie   into Taylor series and note that    2 2 1
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Utilizing the commutation relations among three Paul matrices, we have 

 ˆ ˆ ˆ ˆ 2 , 1, 2,3k l l k kl k l             (S3) 

Using Equations (S2-S3), we can easily prove the following relations, 
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Substituting Equation (S4) into Equation (S1), we finally obtain,  
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which is precisely Equation (2) in the main text.  

 

B.  Symmetry restrictions on the Jones matrix  

 

The matrix elements of  0R  are not entirely free, but satisfy certain restrictions 

exerted by the symmetry properties of the meta-atoms. According to the group theory, 
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if our structure is invariant under certain symmetry operation described by the matrix 

G , then the Jones matrix  0R  must be invariant under such a symmetry operation, 

that is:  

   10 0 GR G R .        (S6) 

In the following, we discuss several typical examples. 

 

(1) Mirror symmetry 

Suppose our meta-atom possesses the mirror symmetry with respect to the v̂  axis, 

the corresponding symmetry operator G  is given by 

1 0

0 1

 
   

G .                (S7) 

Put Equation (S7) into Equation (S6), we have: 

,                0uv uv vu vu uv vur r r r r r       .                           (S8) 

Obviously, mirror symmetry with respect to the û  axis yields the same results.  

 

(2) Rotation-invariant symmetry  

The operator of rotating the coordinate system by an angle   with respect to the 

ẑ  axis is expressed as 

cos sin

sin cos

 
 

 
  

G = .                 (S9) 

If our meta-atom is invariant against such a symmetry operation, then put Eq. (S9) to 

(S6), we find that the  0R  matrix elements should satisfy  

0uu vv uv vur r r r          for 0,  .                            (S10) 

Therefore, if our meta-atom exhibits a rotation-invariant symmetry with 0,  , it 

can never be utilized to achieve the 100%-efficiency PSHE, since Equation (S10) is in 

direct contradiction with the criterion Equation (3). Meanwhile, the special case of 

   is an allowed symmetry that can be possessed by the meta-atom ( 0   is a 
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trivial case). These symmetry considerations are very important for our designs, 

especially for the asymmetrical meta-atom case. 

 

(3) Time-reversal symmetry  

In the ideal case when our system is dissipationless, the physical process under 

consideration possesses time-reversal symmetry. Here the function of the 

time-reversal operator T is simply to take a complex conjugation on the 

wave-function. We now discuss the restrictions on the  0R  matrix imposed by the 

time-reversal symmetry. 

Suppose we have the process 

ˆrefl R in               (S11) 

where 
refl
u
refl
v

E
refl

E
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describe respectively the reflected and incident 

wave. Consider the time-reversal states of these two waves, ˆ'in T refl  and 

ˆ'refl T in , which should be linked by ˆ' 'refl R in  because the time-reversal 

process of Equation (S11) also satisfies the same Maxwell equations. Therefore, we 

have      

ˆ ˆ ˆT in RT refl              (S12) 

For our system without dissipations, energy conservation requires that  

      †ˆ ˆ ˆR R I                (S13) 

Equations (S11-S13) collectively yield the following constrain on our Jones matrix,  

     †ˆ ˆ ˆ ˆR T TR                  (S14) 

with †R̂  being the conjugate transpose of the matrix R̂ . Explicit calculations on 

Equation (S14) give that  

     uv vur r                  (S15) 
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C.  Additional experimental data for the 

asymmetrical meta-atom 

 

When discussing the properties of the asymmetrical meta-atoms in the main text, 

we only depicted the spectra of 2| | /uur R  and 2| | /vvr R  in Figure 3(b) for the slab 

consisting of such meta-atoms. These two spectra only correspond to the first two 

terms in Equation (2). Here, we plot in Figure S1 the measured and FDTD simulated 

spectra of the last two terms in Equation (2). We can see that the 

term 2| ( ) / 2 | /uv vur r R  dominates among all four terms in Equation (2) within the 

working frequency band. Such a term can contribute to the anomalous reflection and 

in turn the PSHE. The fact that 2| ( ) / 2 | / 1uv vur r R   reinforced our notion that 

PSHE realized with meta-surfaces constructed based on such meta-atoms can have an 

efficiency approaching to 100%, in consistency with the experimental data shown in 

Figure 4. 

 

Figure S1. Measured and simulated spectra of 2| ( ) / 2 | /uu vvr r R and 

2| ( ) / 2 | /uv vur r R  for the slab consisting of asymmetrical meta-atoms as shown in 

Figure 2(a). Here  2 2 2 2| | | | | | | | / 2uu vv uv vuR r r r r    , summation up all four terms 

in Equation (2), represents the total reflected energy.  
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D.  Transmission coefficients of the self-designed 

metamaterial wave-plate 

 

Figure S2. (a) Picture of the fabricated metamaterial wave-plate with its unit cell 

(sized 7×7 2mm , see inset) formed by two identical metallic crosses ( 3 5.2mma  , 

3 6.1mmb  ) separated by a 1.9mm -thick FR-4 dielectric spacer ( 4.3  ). 

Experimentally measured (b) amplitude and (c) phase spectra of the transmission 

coefficients ,uu vvt t . Here, widths of the metallic wires are all1.0mm .  

 

In the main text, we employed a self-designed metamaterial wave-plate to help 

generate an input beam with arbitrary polarization state (see Figure 6). Here we 

describe the structure and the electromagnetic (EM) characteristics of the wave-plate. 
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The unit cell of our wave-plate (see Figure S2(a)) consists of two identical metallic 

crosses separated by a 1.9mm -thick FR-4 dielectric spacer ( 4.3  ). The metallic 

cross has different lengths along x and y directions, so that the system exhibits 

different responses with respect to EM waves polarized along x and y. To see how the 

wave-plate functions, we measured its microwave transmission coefficients ,uu vvt t , 

and depicted the results in Figure S2(b-c). The appreciable phase difference between 

uut  and vvt already implies the good functionality of our wave-plate. The input beam 

adopted in Figure 6 in the main text was generated by placing our wave-plate in front 

of a y-polarized microwave horn, with the principle axis of the wave-plate rotated by 

an angle 40    with respect to the y axis. A simple calculation based on Figure 

S2(b-c) immediately reproduces the input polarization as shown by solid lines in 

Figure 6. 

 

E.  Quantitative estimations on the PSHE efficiency 

 

In Figure 4 of the main text, we plotted the experimentally measured distributions 

of scattered-field power for two meta-surfaces illuminated by normally incident EM 

waves. Here, we show in Figure S3 the FDTD simulation results corresponding to 

these experiments, which are found to have well reproduced all salient features of the 

experimental results in Figure 4. Both experimental and FDTD results clearly show 

that the zero-order reflection mode almost disappears within the working frequency 

band, which already implies the very high efficiency of the PSHE. However, 

quantitative values of the PSHE efficiencies can not be obtained from these patterns 

(Figure 4 and Figure S3).  

In this section, we quantitatively estimate the PSHE efficiencies from both 

experimental data and FDTD results. We first integrated the scattered-field power 

over the angle range around the anomalous reflection peak (see Figure S4(b) and (c)). 

We then performed integration over the specular reflection mode received by the same 
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circular-polarization (CP) antenna when the same linear-polarization (LP) input wave 

is incident on a metallic plate with the same size as the meta-surface (see Figure 

S4(a)). The ratio between these two values is defined as the absolute efficiency of 

PSHE. Setting the working frequency at 12 GHz, we found from analyzing our 

experimental data that the absolute efficiencies of PSHE are 87%,  92%  for the 

symmetrical meta-atom case and 85%,  83%  for the asymmetrical meta-atom case, 

respectively. The deviations of such efficiencies from 100% are mainly caused by 

material losses in the real samples and the non-ideal performance of our antennas. We 

also performed FDTD simulations (without material losses) to estimate the 

efficiencies of the PSHE. At 12 GHz, our FDTD simulations indicate that the PSHE 

efficiency can be as high as 95% (the symmetrical case) and 93% (the asymmetrical 

case), as shown in Figure S4(d-f)). 

 

 

Figure S3. FDTD simulated angular distributions for scattered-wave intensity with (a, 

c)   and (b, d)   components reflected by the meta-surfaces with (a, b) 

symmetrical and (c, d) asymmetrical meta-atoms. Stars depict the relations  

1
0sin (sin / )r i k       predicted by the generalized Snell’s law. 

 

On the other hand, we can define the relative working efficiency of PSHE as the 

ratio between the anomalously reflected power and the total reflected power summing 
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up contributions from the anomalous and the normal modes, both exhibiting the same 

polarization. We find from analyzing our experimental data depicted in Figure S4 (b-c) 

that the relative efficiencies can be as high as 93%, 94% (for the symmetrical case) 

and 95%, 94% (for the asymmetrical case), which are even closer to 100%. These 

values imply that only a very small portion of the reflected photon is along normal 

direction, while most of the reflected photons are deflected anomalously, yielding the 

PSHE with very high efficiency.   

 

 
Figure S4. Normalized angular power distributions of the scattered field measured by  

(a, d) a CP antenna when a metallic plate is shined by a normally incident LP beam 

and CP antennas with polarization   (red) and   (blue) when meta-surfaces 

with (b, e) symmetrical or (c, f) asymmetrical meta-atoms are shined by the same 

normally incident LP beam as in (a, d). Left and right columns are for experiments 

and FDTD simulations, respectively. Retrieved values of the absolute PSHE 

efficiencies are indicated in (b,c,e,f). The working frequency is set as 12GHz. Angle 

ranges to perform the power integrations are depicted by dashed lines. 
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F.  Scattering properties of single meta-atoms  

 

Since the final wave-front of the reflected beam is formed by the interference of 

those waves scattered by individual meta-atoms, here we show the far-field scattering 

properties of a single meta-atom to help readers understand the inherent physics of the 

PSHE. Figure S5 depicts the FDTD simulated spin-flipped (  →  ) and 

spin-conserved (  →  ) scattering patterns of two different meta-atoms, which are 

normally illuminated by a LCP beam. Obviously, the spin-flipped components 

(responsible for the anomalous reflection) dominate in the scattered waves in both 

cases, which are consistent with our theoretical predictions. We note that some 

spin-conserved components appear in the scattering patterns, which are caused by the 

scatterings at the artificial boundaries of the back metallic plate when cutting a 

meta-surface to define a meta-atom. However, in realistic meta-surfaces studied, such 

artificial boundaries do not exist since the back metallic plates are continuous, so that 

the spin-conserved scatterings are extremely weak (see Figure 4 in the main text). 

 

 

Figure S5. FDTD simulated scattering patterns with spin-flipped (  →  ) and 

spin-conserved (  →  ) for a symmetrical (a,b) or asymmetrical (c,d) meta-atom, 
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illuminated by a normally input LCP beam. 

 

G. Incidence-angle-dependence of the PSHE 

efficiency 

 

In the main text, we only studied the PSHE under normal-incidence condition. To 

see how robust the predicted effect is, we employed the FDTD computation strategy 

described in Sec. E to calculate the PSHE efficiencies versus incidence angle for two 

different meta-surfaces at a typical frequency 12 GHz. The results depicted in Figure 

S6 show that the PSHE efficiency remains at a high value for incidence angle i  up 

to the critical value ic  above which one of the anomalously reflected beams will 

become a bounded surface wave (see also Figure 5 in the main text). The slight 

decrement of the PSHE efficiency for increasing i  is quite understandable since our 

design is performed under normal incidence situation. Nevertheless, our calculations 

show that the predicted effect is very robust against varying incidence angle.   

 

 

Figure S6. FDTD calculated PSHE efficiencies versus incidence angle for 

meta-surfaces with (a) symmetrical or (b) asymmetrical meta-atom, at the frequency 

12 GHz. Here ic  is the critical value above which one of the anomalously reflected 

beams will become a bounded surface wave. 
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H.  A practical design to realize high-efficiency PSHE 

at near infra-red wavelength 

 

The criterion to achieve high-efficiency PSHE (i.e., Equation (3) in the main text) 

can be realized at arbitrary frequencies. Here we follow that criterion to design an 

optical meta-surface that can realize PSHE with very high efficiency. Similar to the 

microwave samples, the optical meta-surface is still a tri-layer system with a unit cell 

shown in the inset to Figure S7(a). Figures S7(b) and S7(c) depict the FDTD 

calculated angular distributions for scattered-wave intensities with   and   

polarizations, respectively, when the designed optical meta-surface is illuminated by 

normally incident LP wave. Obviously, the anomalous reflection modes dominate 

within a broad wavelength band (~1.4-2.8 m ) where the specular reflection modes 

( 0r   ) are deeply suppressed. Quantitatively, the FDTD computed PSHE efficiency 

can reach ~88% (absolute) and ~93% (relative) at the wavelength 2 m  (see Figure 

S8). Such predicted values, although already quite high, are lower than the ideal 

theoretical prediction and the corresponding microwave realization, which can be 

attributed to the increased material losses in the optical regime. Also, the fabrication 

imperfections which are inevitable in this frequency regime might further decrease the 

predicted PSHE efficiency. Nevertheless, experimental demonstrations of optical 

meta-surface with such a high efficiency are very interesting.   
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Figure S7. (a) Schematic picture of the designed optical meta-surface with a 

600×600nm2 sized meta-atom (inset) composed by a Au nano-cross structure and a 

flat Au film separated by a dielectric spacer ( 4.2r  ). Here, the parameters are 

1 30h nm , 2 200h nm , 3 150h nm , 4 200a nm , 4 470b nm , 100w nm . FDTD 

simulated scattered-field intensities (color map) with polarization (b)   and (c) 

  versus frequency and detecting angle for two meta-surfaces illuminated by 

normally incident linearly polarized beams. Here the stars in (b, c) are calculated by 

Equation (4) of the main text under normal-incidence condition. In our FDTD 

simulations, Au is described by the Drude model with 161.367 10p Hz    and 

161.256 10 Hz   .  



 
14

 

Figure S8. Normalized angular power distributions of the scattered field measured by  

(a) a CP detector when a metallic plate is shined by a normally incident LP beam, and  

(b) CP detectors with polarization   (red) and   (blue) when the designed 

optical meta-surface is shined by the same normally incident LP beam as in (a).  


